The prototype of a Taub string is formed by successive junctions of copies of Taub's space T , joined at their null boundaries Σ to create the axially-symmetric Bianchi-type-XI (with compact SL sections of scale L o ) vacuum B 
Introduction
The elegance in current geometrical settings, mitigated as it is by fundamental problems on stability and hierarchy, offers strong motivation for the search of new perspectives in context. At the accordingly fundamental level of a spacetime manifold, we will resort to the notions of a proper vacuum 1 To do that, one must exhaust the classification of homogeneous spacetimes [1] , [2] , [3] , to come-up with a generic Bianchi-type IX, the B 4 IX , as the only such candidate. Its 3D orthochronous sections, of any scale L o , exhibit the same dynamics of SU (2) acting transitively on its own group manifold, the homogeneous S 3 . The minimally symmetric case, categorized as (3+0) for its three transitive Killing vectors, is, of course, Misner's mixmaster
M [4] . Probably non-singular, B
4
M is certainly beyond analytic treatment except for exact or effective symmetries, such as those due to chaotic mixing over scales sufficiently larger than L o . The maximally-symmetric (3+3) case is incompatible with the vacuum equations and the (3+2) case cannot exist either (the two generators cannot form a subgroup of isometries). The remaining (3+1) case is Taub's axially-symmetric solution T [5] , often treated as if it were singular, which it is not; T does possess an initial and a final physical singularity, namely its pair of null boundaries Σ, but at such singularities (in contrast to mathematical ones) the volume element and the entire Riemann tensor must remain finite. Regardless of coordinate failure on the Σ, the problem is with extending the geodesics beyond those boundaries: it is a pathogeny to be cured, otherwise T will remain only part of a missing whole. The Taub-NUT construction does cure it [6] but still fades as a proper vacuum on certain global aspects, and so does any finite number of T joined in a closed or open string formation 4 . We have thus been led to the axially symmetric proper 4D vacuum
as prototype of a Taub string, essentially unique, given the elusive nature of Misner's B
M . The integer n enumerates the T n and their boundaries Σ n (null squashed S 3 ) at the junctions.
The periodic metric of B
T is expressible in terms of the b = b(u), c = c(u) radii (cf. also Fig.1 in section 2) as functions of u, which is a null coordinate, namely with (∂ u ) 2 = 0, and of the θ, φ, ψ coordinates on the homogeneous du = 0 squashed-S 3 hypersurfaces as
The θ, φ, ψ also define the SU (2) left-invariant
, and g 03 = −1, g 11 = g 22 = b 2 , g 33 = c 2 in a non-holonomic equivalent of (1.2) as
As we will see, in-between the boundaries Σ n , Σ n+1 of T n , the du = 0 sections in (1.3) remain SL while being transported by ∂ u but they become momentarily null when they arrive at (and identify with) Σ n+1 . The latter is the final boundary of T n and simultaneously the initial of T n+1 . Each T contributes to B
T with its entire life-span as a quantum of time δt ∼ L o between two consecutive Σ, which propagate as shock-wave fronts under string tension of (roughly) Planck-scale κ o strength. The incurring dynamics entails stability and the foundation of hierarchy in B 
The general curvature R 
The geodesic and Killing (by the L Ξ Lie derivative) equations are employed as
with U · U = U µ U µ = ς = 0, ∓1 for the null, TL or SL cases. T . In addition to ( µ , L ν ), we will also employ two different sets of orthonormal Cartan frames in B
T , the (θ µ , Θ ν ) and the (e µ , E ν ), with
2)
which are quite useful in spite of the failure of (θ µ , Θ ν ) on Σ n and the non-holonomic time
provide the Riemann and Weyl tensors (finite everywhere) in the (θ µ , Θ ν ) frames as
In addition to the basic scale L o from the frames, Taub's general solution of R µν = 0 has two independent constant parameters, B > 0 and N ∈ IR, essentially from time scaling and translational invariance, respectively. However, that solution may also be expressed as 6) and still remain the general one, in spite of the absence of N . The latter is hidden in the
, under which (2.6) is not form invariant but remains a solution of R µν = 0. This will be utilized as a tool to reform the general Taub solution (with the N ∈ IR) in (2.6), to also being, simultaneously, the L o -periodic solution for B
T in (1.1). However, in the second interpretation, N ∈ IR nolonger exists as an independent parameter because, restricted to its integer values as N ∈ Z, it has been consumed as a 'summation' index n in (1.1), as depicted in Fig.1 . Thus, the original translational invariance, with (2.6) as the Taub general solution, has been traded 
, by the latter, we verify that L 3 turns momentarily null and orthogonal to the Σ n at the ±L o /2 roots of c 2 = 0, as follow from (2.6). The entire life-time span of T , as it extends in-between these roots, constitutes an elemental 'quantum of time' contribution to B 4 T . Its proper-time duration δt is actually calculable along TL geodesics in terms of the u coordinate in the −L o /2 ≤ u ≤ L o /2 interval. The latter, now realized as the n = 0 one in (1.1), extends periodically as [n − L o /2, n + L o /2] for any n ∈ Z, as also depicted in Fig. 1 . At the extremes of these intervals, where the physical singularities Σ n of the T n are located, the volume element never vanishes and the components of R µ ν never diverge. Our less-than-C 2 junctions at the Σ n boundaries in B
T of (1.1) may (and they do) carry surface tensions, calculable from C 0 -junction compatibility conditions. The normal to the propagating du = 0 hypersurfaces is the TL unit vector N = Θ 0 , but these hypersurfaces become null at c = 0, where they reach (and identify with) the Σ. The normal to the latter is the (momentarily null there) L 3 vector, so the extrinsic curvature vector-valued 1-form is K = −dL 3 . The discontinuity (jump) δK across every Σ reveals a stress-energy layer thereon, which creates string tension across every Σ along B
T . To see that, we can start the computation of the stress-energy tensor S µν layers with N = L 3 = cΘ 3 in the (θ µ , Θ ν ) frame of (2.1) and, after cancellation of the anomalies at c = 0, switch back to the ( µ , L ν ). We thus find that the discontinuities δK = −δd(cΘ 3 ) occur only on the (0,3) plane across Σ and only as δK 
components of a S µν ∼ diag(1, 0, 0, 1) layer of Planck-scale κ 2 o strength, traceless and with correct content and sign for string tension orthogonal to the L 1 , L 2 directions. This selfconsistent (with no external sources) geometric disturbance (which cannot be a pp-wave) occurs across the compact null interface Σ and involves the latter as a gravitational shockwave front [8] . Thus, the stability of the dynamics in-between the Σ n is being extended across them and over the entire B For the U = U µ Θ µ tangent to geodesics in B 4 T , with u = u(t), χ = χ(t) in terms of the proper-time parameter t and du/dt = 1/ṫ (P ⊥ , E are constants of motion), we find
plus two first integrals expressible in terms of the given v = v(u) function aṡ
The so-emerging n = 0 potential-well function of V = V (u), as shown in Fig.1 , is a known stability aspect of the dynamics within T . It has a minimum of −(2P 2 ⊥ +1/B) at u = 0, with s-c (supremum-case) value of V o = −1/B if P ⊥ = 0, and TL geodesics (with E < 0) trapped within the wells of all n. The latter aspect, not quite the same as geodesic inextendibility (especially if it is involved at Planck scale), may survive our B 4 T completion of T , as in the Taub-NUT case. In the general dynamics from (2.10), all E > 0 geodesics in the singularityfree geometry of B 4 T propagate freely, except for an instantaneous impact at the junctions, due to stresses on the Σ boundaries. Nevertheless, we do have peculiar behavior in the case of s-c geodesics. They certainly form a marginal subclass (due to the vigorous P ⊥ = 0 requirement), but the dynamics can be easily integrated in that case to the elegant result
, (2.11) also expressed here in terms of the special-relativistic β and γ parameters on the (Θ 0 , Θ 3 ) plane. Expectedly, all s-c geodesics turn momentarily null as they cross the Σ boundaries, where β → 1 as c → 0, but with complete 'loss of memory' of whatever E > 0 value they had, due to its cancellation (an unexpected result we will return to). T by a well-defined averaging process: at this limit, differences between adjacent values of n ∈ Z are negligible, n ∈ Z is treatable as a continuous N ∈ IR and summations over n as normalized integrations over u, to give us
. . . 
All derivatives ofb 2 ,c 2 vanish, of course, in sharp contrast to the results in (3.2). We thus find (withā
Clearly distinct from the classical limit L o → 0, the 'de-quantization' limit L o → du equips the entire process with calculus-approachable dynamics, by whichB 4 T can be fully treated as a differentiable manifold. 7 The bar in ds 2 and over quantities likeb,Γ T ), all expressed in the same time-independent left-invariant frame µ , we can then demand that
The first requirement is already satisfied in view of (3. In the second half of this section we will have to lean on speculation, with the mathematical rigor accordingly reduced. Finite Taub strings, open or closed, with any number n of T elements, can also be realized as stable non-singular and geodesically complete 4D vacua. If they involve a relatively small number of T elements (like n = 1, 2, 3, . . . ), they can be viewed as elemental 4D bits taken off the B 4 T string vacuum. Their geodesic completeness can be established either by joining the free Σ boundaries of that bit to create a closed string, or extend its geodesics to infinity exactly as with the Taub-NUT completion. Thus, each one of the closed-string n = 1, 2, 3, . . . cases closes upon itself with no links to infinity as /T \, /T ∨ T \, /T ∨ T ∨ T \, . . . , where the initial and final slashes stand for the two free Σ boundaries (as the two halves of a ∨) to be identified. The corresponding open-string cases involve the NUT∨T ∨NUT, NUT∨T ∨ T ∨NUT, NUT∨T ∨ T ∨ T ∨NUT, . . . configurations, along with all the features and charges inherited after the paradigm of the original Taub-NUT completion [9] . For variant types of B T pertinent to Planck-scale dynamics. In both cases, stability and hierarchy stem from the underlying structure of the quantized flow of time, established by the transition of N ∈ IR → n ∈ Z. However, for Planck-length L o , we also have the availability of 'de-quantization' or averaging by going to the reverse limit n ∈ Z → N ∈ IR, as seen. By this we have not, of course, been taken back to the T we started from, but to the staticB 4 T and its effective enrichment. WithB 4 T as ground state, excitations thereof must involve two new independent scales, κ and L 1 L o , in addition to κ o , L o . We will now briefly expand on some of these aspects.
By the results in section 2, the stability in B
T relates to the potential-well dynamics from V (u) in-between the Σ n . The extension of this stability across the Σ n has emerged from aspects which have sequentially identified the Σ n as boundaries of a (cured) physical singularity, as junctions and as a gravitational shock-wave front, all relating to the fundamental κ o -scale string tension on the (0,3) plane along the null ∂ u , L 3 or the non-null E 0 , E 3 vectors. The 'coincidence' of identical components (2.7) in so diverse frames is simply due to the restrictive aspects of a traceless S µν layer on the (0,3) plane. The physical content of this S µν , essentially involved in qualifying B The result uncovers the higgsless emergence of the correct EW gauge-boson mass term from variation of the connection, whereby L 1 can be identified with the electroweak scale [11] .
Relating to issues on cosmic dynamics and mixing (such as isotropization, homogenization and the horizon problem) in relativistic astrophysics and cosmology, we may re-use (1.1), now with L o taken as a Hubble radius H o . B The torsion therein should now be viewed as primordial rather than effective. The effective stress-energy content will be again involved asR µν = κ
2T
µν , now with κ = κ. These models are stable against perturbation and may thus relate to galactic dynamics and to the dark-matter/dark-energy content of the universe.
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